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We consider in this work planar polynomial differential systems having a polynomial first
integral. We prove that these systems can be obtained from a linear system through a
polynomial transformation of variables.
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1. Introduction and main results
We consider planar vector fields of the form
x′ = P(x, y), y′ = Q (x, y), (1)
where P and Q ∈ R[x, y] are coprime polynomials, that is, there is no non-constant polynomial which divides P and Q . Here
the prime indicates a derivative with respect to the real independent variable t and R[x, y] is the ring of all polynomials in
the variables x and y with coefficients in R. Let m be the maximum degree of the polynomials P and Q , we say that system
(1) is of degreem. We denote by X = (P,Q ) the vector field associated to (1).
We say that system (1) has a polynomial first integral H ∈ R[x, y] if and only if ∂H
∂x P + ∂H∂y Q ≡ 0 on R2. The search of first
integrals is a classical tool for classifying all trajectories of a polynomial system. A polynomial first integral H of (1) is called
minimal if deg(H) ≤ deg(H˜), for any polynomial first integral H˜ of (1). A particular class of systems having a polynomial
first integral is that of polynomial Hamiltonian systems, that is, systems of the form P = ∂H
∂y ,Q = − ∂H∂x , where H ∈ R[x, y].
We say that an algebraic curve f (x, y) = 0, with f (x, y) ∈ C[x, y], is an invariant curve of (1) if and only if there exists a
polynomial K ∈ C[x, y] such that ∂ f
∂xP + ∂ f∂yQ ≡ Kf . Here C[x, y] is the ring of all polynomials in the variables x and y with
coefficients in C. The polynomial K is called the cofactor associated to the invariant algebraic curve f .
If the polynomials P and Q are coprime then the degree of a minimal polynomial first integral is greater than the degree
of the system (see [1]).
We recall that R(x, y) is an integrating factor of (1) if it is a function of class C1 in some open set U of R2 and
satisfies the partial differential equation ∂(RP)
∂x = − ∂(RQ )∂y . In this case the system has a first integral given by H(x, y) =
R(x, y)P(x, y)dy + f (x), where f (x) must be chosen in such a way that the equality ∂H
∂x (x, y) = −R(x, y)Q (x, y) holds.
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Obviously, if R is a polynomial thenH is also a polynomial and it is know (see [1]) that if system (1) has aminimal polynomial
first integral having degree greater than m + 1 then there exists a polynomial integrating factor with degree equal to
deg(H)−m− 1.
We recall now the concept of remarkable value introduced by Poincaré (see [2]) in order to obtain the classification of
the polynomial vector fields of a given degreem having a rational first integral, and, in particular, a polynomial first integral.
In fact, he supposed that the degree of the minimal polynomials that appear in the rational first integral has an upper bound
that depends onm. Nevertheless this supposition was shown to be incorrect and this classification is still an open problem
for rational first integrals, even form = 2. Some results in this direction were obtained in [3,4]. Very recently this problem
was solved for the case of polynomial first integrals and m = 2 [5]. They provide the necessary and sufficient conditions
in order that a quadratic system has a polynomial first integral (see also [6]). They also give the explicit polynomial first
integrals in terms of the coefficients of a set of normal forms. A remarkable fact of such a study is that quadratic systems
may have polynomial first integrals of any arbitrary degree. If system (1) has a minimal polynomial first integral H we say
that c ∈ C is a remarkable value for H if H + c is not irreducible, that is, if there exist values k1, . . . , kp ∈ N such that
H+ c = uk11 · · · ukpp where the ui are irreducible polynomials onC[x, y] called remarkable factors associated to c. Furthermore
if some ki is greater than 1 then the remarkable value is called critical and the corresponding factor ui is called a critical
remarkable factor. The algebraic curves defined by the remarkable factors appear to be very important in the construction of
the phase portrait of the vector field, as is shown in [7].
In [8] the authors prove that the number of remarkable values of a minimal polynomial first integral of a polynomial
vector field is finite. If the polynomial first integral has no critical remarkable values Javier Chavarriga proved that the system
is Hamiltonian (see [7]).
In this work we will obtain new results about the polynomial vector fields having a polynomial first integral. First of
all we present a result that characterizes the existence of exactly one critical remarkable value through the degree of the
remarkable factors that appear in the factorization of the polynomial first integral, associated to a critical remarkable value.
We can suppose, without loss of generality, that this remarkable value is c = 0.
Theorem A. A minimal polynomial first integral of system (1) of the form H(x, y) = u1(x, y)k1 · · · up(x, y)kp , where the ui(x, y)
are irreducible polynomials in C[x, y] and the ki ∈ N with some ki > 1, has exactly one critical remarkable value if and only if
deg(u1)+ · · · + deg(up) = m+ 1.
This theorem will be proved in Section 2.
In the following theoremwe obtain the general expression of the polynomial vector field having a given polynomial first
integral.We give conditions for the degree of this vector field to be the smallest one andwe prove that if these conditions are
satisfied the polynomial first integral has exactly one critical remarkable value. We say that the set of irreducible algebraic
curves ui(x, y) = 0 inC[x, y], with i = 1, . . . , p satisfy the Christopher–Zoladek conditions (these conditions expressed in the
same or similar form appear, for instance in [9,10]) if:
(i) there are no points at which ui and its two first partial derivatives simultaneously vanish,
(ii) the highest order term of ui has no repeated factors,
(iii) no more than two curves meet at each point in the finite plane and when two curves meet at a point they are not
tangent,
(iv) no two curves have a common factor in their highest order terms.
Theorem B. Consider a polynomial H(x, y) = u1(x, y)k1 · · · up(x, y)kp , with p > 1, where the ui(x, y) are irreducible
polynomials in C[x, y] and the ki ∈ N. Then H is a polynomial first integral of the polynomial vector field defined by
X =
p−
l=1
kl
 p∏
i=1
i≠l
ui
Hul , (2)
where Hul =

∂ul
∂y ,− ∂ul∂x

is the Hamiltonian vector field associated to the polynomial ul. Furthermore, if the algebraic curves
ui(x, y) = 0 satisfy the Christopher–Zoladek conditions, then (2) is the polynomial system of the smallest degree that has H as a
polynomial first integral and H has exactly one critical remarkable value.
The following remark shows the importance of the Christopher–Zoladek conditions.
Remark C. If the algebraic curves ui(x, y) = 0 do not satisfy the Christopher–Zoladek conditions, then it can exist as vector
fields of degree m <
∑p
i=1 deg(ui) − 1 having H as polynomial first integral. In this case, the polynomials P and Q of the
vector field defined by (2) are not coprime.
This remarkwill be justified in Section 3. Finallywe enunciate themore important result of this work: a non-Hamiltonian
polynomial vector field having a polynomial first integral can be obtained from a linear system through a polynomial
transformation of variables.
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Theorem D. If a non-Hamiltonian polynomial system (1) has a polynomial first integral then it can be obtained from a linear
system through a polynomial change of variables and a rational change of the independent variable.
In Section 2 we prove Theorem A and in Section 3 we prove Theorems B and D.
2. Invariant curves and remarkable critical values
Let H be a minimal polynomial first integral of system (1) having remarkable critical values c1, . . . , cs and let u1, . . . , ur
be all the remarkable factors (critical or not) associated to these remarkable critical values. We define R = ∏ri=1 uki−1i and
V = ∏ri=1 ui, with ki ∈ N. The factors that contribute to the expression of R are only the critical remarkable factors with
their corresponding exponents ki > 1. In [8] the authors proved that if in (1) the polynomials P and Q are coprime then R is
a polynomial integrating factor. This fact implies that V is a polynomial inverse integrating factor because it is the quotient
between the first integral H˜ = ∏si=1(H + ci) and the integrating factor R (for the definition and properties of the inverse
integrating factor see for instance [8]).
On the other hand, in [7] it is proved that if HR is the first integral associated to the polynomial integrating factor R, then
HR is a minimal polynomial first integral. Then HR and H can only differ in multiplicative and additive constants. It is also
proved in [7] that
deg(V ) = (s− 1)d+ (m+ 1)s, (3)
where s is the number of critical remarkable values of HR, d = deg(R) andm is the degree of the polynomial vector field.
We will now prove Theorem A.
Proof of Theorem A. If the system has a minimal polynomial first integral H with exactly one critical remarkable value
c = 0 and with H(x, y) = u1(x, y)k1 · · · up(x, y)kp , where the ui are the irreducible factors, we have V = ∏pi=1 ui.
Then from (3) we have that deg(V ) = deg(u1) + · · · + deg(up) = m + 1. We will now prove the converse result. We
suppose that the last equality holds. If there exist more critical remarkable values, then the integrating factor must be
of the form R(x, y) = u1(x, y)k1−1 · · · up(x, y)kp−1w(x, y), where w is the product of the remarkable factors associated
to the other remarkable critical values. Since H has a critical remarkable value, the system is non-Hamiltonian, and
then deg(H) > m + 1. Then we have, as was proved in [1], that deg(H) = m + 1 + deg(R). Hence we can write
k1 deg(u1) + · · · + kp deg(up) = (k1 − 1) deg(u1) + · · · + (kp − 1) deg(up) + deg(w) + m + 1, and we deduce that
deg(u1)+ · · · + deg(uk) = m+ 1+ deg(w) > m+ 1, a contradiction. Then the proof is complete. 
3. Polynomial vector fields with polynomial first integral obtained from linear vector fields
From the above results it is easy to prove the following lemma.
Lemma 1. If system (1) has a polynomial first integral and it is not Hamiltonian, then there exists a minimal polynomial first
integral H that can be expressed as H(x, y) = u1(x, y)k1 · · · up(x, y)kp , where p > 1, the ui(x, y) are irreducible polynomials in
C and at least one of the ki is greater than 1.
Proof. The existence of a minimal polynomial first integral having at least one remarkable critical value is clear because
the non-existence of critical remarkable values implies that the system is Hamiltonian (see [7]). If c = 0 is one of these
remarkable values and p = 1 with H = uk11 and k1 > 1, then H is not minimal and therefore the lemma is proved. 
Remark 2. Sincewe consider real systems, if among the irreducible polynomial factors ui there is one that is not real then its
complex conjugate must also appear as a factor, with the same exponent. Then the product of ui and its complex conjugate
is a real polynomial factor of the first integral.
Therefore, if system (1) has a polynomial first integral and it is not Hamiltonian, there exists a minimal polynomial
first integral having at least two real irreducible factors. In this case we can obtain a polynomial vector field that has this
polynomial first integral in the form given in Theorem B.
Proof of Theorem B. In order to prove the first part of the theorem it is sufficient to verify that ∂H
∂x P + ∂H∂y Q ≡ 0. To
prove the second part of the theorem we take into account that the degree of the vector field (2) is, by construction,
m = ∑pi=1 deg(ui) − 1. Suppose that there exists another vector field X˜ of smaller degree that has the invariant algebraic
curves u1(x, y) = 0, . . . , up(x, y) = 0. As these curves satisfy the Christopher–Zoladek conditions, from Theorem 1 of [11]
(this theorem was previously stated in others papers without proof [9,12]), the vector field X˜ must be identically zero.
Therefore the minimum degree of the polynomial vector field that has the polynomial first integral H is m. Finally, from
Theorem A we deduce that H has exactly one remarkable value. 
If the set of irreducible curves do not satisfy the Christopher–Zoladek conditions, then it is possible to have a vector field
X such that deg(X) <
∑p
i=1 deg(ui)− 1, having H(x, y) = u1(x, y)k1 · · · up(x, y)kp as a polynomial first integral. In the next
lemma we show the relationship between two polynomial vector fields having the same polynomial first integral.
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Lemma 3. Let X1 and X2 be two polynomial vector fields with different degrees m1 and m2 where m2 > m1. We suppose that
at least one of these vector fields (say X1) has components given by coprime polynomials. If X1 and X2 have the same polynomial
first integral H then X2 = GX1 where G is a polynomial of degree m2 −m1.
Proof. If we denote X1 = (P1,Q1) and X2 = (P2,Q2) we deduce that ∂H∂x P1 + ∂H∂y Q1 ≡ 0 and ∂H∂x P2 + ∂H∂y Q2 ≡ 0, that is,
P1/Q1 = P2/Q2. Since P1 and Q1 have no common factors we deduce that there exists a polynomial G of degree m2 − m1
such that P2 = GP1 and Q2 = GQ1, and the proof is complete. 
One immediate consequence of Theorem B and the above lemma is the Remark C that is stated in the Introduction.
An important consequence of TheoremB is that each non-Hamiltonian polynomial systemwith a polynomial first integral
can be obtained through a polynomial change of variables from a linear system having a saddle point at the origin.
Proof of Theorem D. From Lemma 1 we can suppose that the polynomial system x′ = P(x, y), y′ = Q (x, y) has a minimal
first integral given by H(x, y) = u1(x, y)k1 · · · up(x, y)kp with p > 1 and at least one of the ki > 1, i.e. we suppose that c = 0
is a critical remarkable value. Consider the linear system u˙ = u, v˙ = −v, where the dot indicates a derivativewith respect to
an independent variable τ . We now introduce the change of variables (u, v)→ (x, y) defined by u = uk11 (x, y) · · · ukp−1p−1 (x, y)
and v = ukpp (x, y).
A direct calculation gives
K1(x, y)x˙+ K2(x, y)y˙ =
p−1∏
l=1
ul, K3(x, y)x˙+ K4(x, y)y˙ = −up,
where
K1(x, y) =
p−1
i=1
ki(ui)x
p−1∏
j=1,j≠i
uj, K2(x, y) =
p−1
i=1
ki(ui)y
p−1∏
j=1,j≠i
uj,
K3(x, y) = kp(up)x, K4(x, y) = kp(up)y.
Here (ui)x and (ui)y indicate the partial derivatives of ui with respect to x and y, respectively.
If we denote D(x, y) = K1(x, y)K4(x, y)− K2(x, y)K3(x, y)we obtain in the region where the polynomial D(x, y) ≠ 0
x˙ =
K4
p−1∏
l=1
ul + K2up
D(x, y)
, y˙ =
−K1up − K3
p−1∏
l=1
ul
D(x, y)
.
We also have
K4
p−1∏
l=1
ul + K2up =
p−
i=1
ki(ui)y
p∏
j=1,j≠i
uj,
−K1up − K3
p−1∏
l=1
ul = −
p−
i=1
ki(ui)x
p∏
j=1,j≠i
uj.
The vector field
∑p
i=1 ki(ui)y
∏p
j=1,j≠i uj,−
∑p
i=1 ki(ui)x
∏p
j=1,j≠i uj

is the vector field that appears in (2) and then it has
the polynomial first integral H . Therefore, as the polynomials P and Q are coprime, by Lemma 3 there exists a polynomial G
such that
p−
i=1
ki(ui)y
p∏
j=1,j≠i
uj = GP, −
p−
i=1
ki(ui)x
p∏
j=1,j≠i
uj = GQ .
Then we have
x˙ = G(x, y)P(x, y)
D(x, y)
, y˙ = G(x, y)Q (x, y)
D(x, y)
.
Hence through a rational change of the independent variable τ → t defined by dτ = D(x,y)G(x,y)dt in the regionwhereD(x, y) ≠ 0
and G(x, y) ≠ 0, we obtain the original system x′ = P(x, y), y′ = Q (x, y). 
Obviously, the transformation of variables that allows the linear vector field (u,−v) into the vector field (P,Q ) is not a
diffeomorphism in all R2. The qualitative behavior of the orbits is completely changed by this transformation. It simply
enables us to obtain through algebraic calculations all non-Hamiltonian polynomial vector fields with a polynomial first
integral from a linear Hamiltonian vector field with a saddle point at the origin.
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Examples. We finish with two examples in order to clarify the above transformation.
First of all, we consider the polynomial vector field defined by x′ = P(x, y), y′ = Q (x, y), where P(x, y) = xy and
Q (x, y) = 1+ x2 + xy− y2. One minimal first integral for this vector field is H = u1u22, where u1(x, y) = 1+ x2 + 2xy and
u2(x, y) = 1 + x2 − xy. If we consider the system u′ = u, v′ = −v and we define the variables x, y such that u = u1(x, y)
and v = (u2(x, y))2, we obtain that x′ = G(x, y)P(x, y)/D(x, y) and y′ = G(x, y)Q (x, y)/D(x, y), where G(x, y) = −6x and
D(x, y) = −12x2. When x is different from 0 we obtain, through an adequate change of time, the original vector field.
Second,we consider the vector field defined by x′ = P(x, y), y′ = Q (x, y), where P(x, y) = xy andQ (x, y) = 24+x+2y+
(1/15)xy+ (1/150)x2− (1/3)y2. This vector field has a first integral defined byH(x, y) = x(20y+x+120)(10y−x−120)2.
If we take the system u′ = u, v′ = −v and we define x and y such that u = x(20y + x + 120) and v = (10y − x − 120)2
we obtain the vector field defined by x′ = G(x, y)P(x, y)/D(x, y) and y′ = G(x, y)P(x, y)/D(x, y), where G(x, y) = 600 and
D(x, y) = 80(5y + x + 30). In the regions where D is different from 0 we obtain, through an adequate change of time, the
original vector field.
Note that in the first case the function G is a non-constant function and this is because u1 and u2 do not satisfy the
condition (iv) of Christopher–Zoladek (see the definition of these conditions in Section 1). In the second case the three
factors of H verify these conditions and hence the function G is constant.
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